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ABSTRACT 


In this paper an algorithm for computing semigroups of finite order 
is discussed. A computation procedure is developed to generate, for any 
specified finite order, all semigroups which are distinct up to isomor- 
phism. Additional restrictions are also placed in the generating proce- 
dure to produce all groups of the given finite order. The algorithm was 


placed on the computer and the numerical results for orders one through 


four obtained. 
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I. INTRODUCTION 


In this paper we investigate the problem of computing all possible 
distinct algebraic systems of a certain type, namely the semigroup, with 
restrictions on the order only. A semigroup is an algebraic system which 
is closed and associative, and as such is the simplest algebraic system 
of significance in mathematics. More complex systems are determined by 
postulating additional properties, for example commutativity, many of 
which can easily be placed in a computation procedure. To illustrate 
this point a procedure was constructed to produce all groups in addition 
to all semigroups of the specified finite orders. In this paper we con- 


Sider orders up to and including four only. 


I]. DEFINITIONS AND PRELIMINARY RESULTS 


There are two basic alternatives for defining equivalence of semi- 
groups. One approach is to identify two semigroups if the first is 
either isomorphic or anti-isomorphic to the second. The resulting col- 
lection of distinct semigroups is then described as a collection of non- 
equivalent semigroups. The alternate approach is to define one semigroup 
distinct from another if the first is not isomorphic to the second. The 
resulting collection is then described as a collection of semigroups 
which are distinct up to isomorphism. We use the latter approach in 
this paper and will explain the reasons for this choice later. 

We begin by recalling the definitions of a binary operation on a set, 
of some properties a binary operation may possess, and of a semigroup 
itself. 

Definition. A binary operation on a set S 1s a mapping fromS §& 
IHLOD 29); 

Definition. A binary operation Q is said to be associative if 
Oheie pea) em Os). 55)553) 5 tOneall si2s5,s54 6 S- 

Definition. A binary operation Q is said to commutative if 
Q(s},89) ake efor ables i.sz < 3- 

Definition. A semigroup is a couple (S,Q) where S is a set on 
whose elements is defined an associative binary operation Q. The no- 
Eation Q(s},8) = 84 is somewhat cumbersome and will be used interchane- 
ably with (s):s5) = Ss; from this point on. 

The order of a semigroup will mean the number of elements in the 
underlying set. For any given positive integer n_ there exists at least 


¢ 
one semigroup of order n. For example, let S = (1,...,n } and define 


iy if 1 ee 
1 * ] =n ifr en 


OK he 1 


for i,j < S. This is the cyclic semigroup on n_ elements. 

In this paper we compute the distinct (up to isomorphism) binary 
operations on a set of finite order satisfying the above conditions. 
One way to specify a binary operation on a finite set is by means of 
the multiplication table. 


! 


reample. Let S= 1,2,3 / and define the binary operation Q by 


LS 


the following table. 


Coo 
eo) PS) |S 
MWh hd 
Noe Wolo 


fitemmotation means that Q(1,1) = 1, Q(1j2) = 2, Q(1,3) =™3, 02, eee 
Oi2.2) = 3, and so on. 

We use the following definitions as the basis for the construction 
of the isomorphism testing subroutine of the generation procedure. 

Definition. Two semigroups (S1,Q1) and (S5,Q,) are called isomorphic 
iieenere exists a one-to-one mapping F of S$] onto S5 such thats: 
S,>ty q S, and F(s,) = S89, F(t,) = t9 with®s>)ty oped 
F(Q](s),t))) = Q2(s2,t2). 

Definition. Two semigroups (S15Q)) and (S5,Q9) are called anti- 
isomorphic if there exists a one-to-one mapping G of S, onto S9 such 
Ehat if s,),t}) 25, and G(s,;) = s5, G(t,) = t>) with so jt> GiSoyeemen 
eras) »t1)) = Q5(t5,s9)% 

Given any semigroup (S,Q) we can in a natural way associate with it 


: * : : 
a semigroup (S*,Q ) defined by letting s* = S, and for 1,87 €S” putting 


Q™ (81585) = Q(s9,8,}). If G is the identity mapping on S, then 
G(Q(s1,59)) = Q*(s9,81) and hence (S,Q) is anti-isomorphic to (Soe 

If a semigroup (S,Q) is commutative, then it is both isomorphic and 
anti-isomorphic with (s,Q) since the identity map G _ is both an iso- 
morphism and an anti-isomorphism. In the journal, Mathematical Algo- 
rithms, 1967, the editor remarked that the converse is also valid. 
However, the converse is not valid in general, as the following example 
illustrates. 


Example. Let (S,Q) be defined by the table 


ieee 
eee eel 
paring) i) 
Fl ab iba 
41121 


then CSO) is defined by this table 


BWNH 

rR RRP 
et ee 
PRR rw 
PORE & 


where the second table was determined from the first by OQ (a, se = 
Q(s2,81,) with the only differences in the multiplication tables being 
is aA, = Q(4,3) and one) = Q(3,4). The anti-isomorphism G is 

the identity mapping, while the mapping F defined by F(1) = 1, F(2) = 
2, F(3) = 4, and F(4) = 3 is an isomorphism linking (S,Q) with (s” Oo" 
It is interesting to note that orders two and three contain no non- 
commutative semigroup (S,Q) which is both isomorphic and anti-isomorphic 
to its Gran but that order four contains six such semigroups. By 


computing non-equivalent semigroups the question whether or not a given 


semigroup is isomorphic to its anti-isomorphic image is left unanswered 
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unless the semigroup in question is commutative. In computing semi- 


groups distinct up to isomorphism we avoid this difficulty. 


Using the fact that the only condition on the algebraic system under 
consideration in addition to closure 1s associativity, we are able to 
build a systematic generating procedure. Noting that in any given multi- 
plication table if Q(i,j) = k, then Q(k,m) = Q(1,Q(j,m)), we construct 
a procedure to complete any partially completed table. In essence, we 
utilize the associative law to complete the unfilled portion of the 
table. The first step consists of placing a few key values in a blank 
multiplication table. Then as much as possible of the table is completed 
by the application of the above equation. 


f 
Example. Let S = 220 and let Q be partially defined by 


3 


the following table. 


wn eH 
NR 
SR With 
Ww fw 
> 


Then by applying the above associativity equation to the table we find 
Co emo! ell ie Cl (2-1)) = b=2) = 3 and (i*3) = (1*(1+2))e2 
Clie) — (i298 =93 as well as (1-4) = 4, (2-4) = 4, (4:1) =a 
(4-2) = 3. We also have (4-3) = (3:3) and (4-4) = (3-4). The following 


Gable results. 


ho 
Uo 


HS WNH 
WN HE 
Ww rR Ww 
wee te GO 
<< BRS 


Of course, in supplying the original six values a check must be made 


to determine whether or not they satisfy the associative law to make the 
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completion of the table worthwhile. The table must be checked again 
when completed since not all associativity conditions need necessarily 
be used in the completion of it. 

The above example points out the difficulties that arise when a 
partially completed table has values which are not conducive toward fur- 
ther generation. When this happens additional values must be supplied 
to restart the generation procedure. The choosing of these additional 
values must follow a pattern and must exhaust all possibilities. In the 
above example the values 1,2,3, and 4 must be tested in both the x and 
y positions, which results in a total of 16 additional cases to be 
checked. 

In the case of order four we set initial values in six positions. 

We chose the positions (1,1), (1,2), (2,1), and (2,2) to facilitate the 
generation procedure by filling a fourth of the blank multiplication 
table, while we picked the two additional positions (2,3) and (3,2) to 
be used as launching points for the completion of the table. We chose 
an initial six positions for two reasons. First, since every finite 
semigroup has an idempotent element ,/ then every finite semigroup is 
isomorphic to some semigroup with the element one (1) in the position 
(1,1). If in a semigroup of order n the element i is idempotent, 
then define an isomorphism F such that F(i) = 1, F(1) =i, and F(k) = 
Feer kK — 2,...,1 - 1, i + 1,...,n. The second reason is that ste 
remaining five positions have to be filled in a manner that exhausts all 
possible combinations of the values one (1) through four (4). The num- 


ber of initial cases, ranging from the values 1,1,1,1,1 to the values 


1clifford, A. H. and Preston, G. B., The Algebraic Theory of 
semigroups, v. 1, p. 20, American Mathematical Society, 1961. 


alg 


4,4,4,4,4 in the five positions, is 4? , or 1024. The addition of any 
more initial positions would increase this number by a factor of four 
for each added position. 

We developed this generating procedure because of time limitations 
on the use of the computer. For orders two and three the number of posi- 
tions set with initial values were four and nine respectively. We ex- 
haustively checked all possible combinations in these two orders since 
the number of cases to be checked was low. For order two there were 
only 2 cases while for order three there were only 3? cases. However, 
for order four there are 416. or over four billion, cases to be examined, 


which proved to be much too time consuming to allow the exhaustive pro- 


cedure. 
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IV. IMPLEMENTATION OF ALGORITHM 


We divided the algorithm into three basic parts in order to place 
it on the computer using the Fortran programming system. The first and 
primary part consists of producing the completed multiplication tables 
by application of the associative equation, Q(k,m) = Q(i,Q(j,m)) when 
Q(i,j) = k, to the initial values of the partially completed tables. 
The initial values are supplied by use of nested "DO loops.'' The number 
of nested "DO loops" used were four, nine, and five for orders two, 
three, and four respectively. Hence, for orders two and three entire 
multiplication tables were set with initial values and the algorithm de- 
generated into an exhaustive test of every possible multiplication table. 

For order four we found that seven nested "DO loops" would be the 
maximum number for practical purposes, that is, any more would result 
in too much time consumption. We decided on five for the reasons stated 
before. After the initial values are supplied we check for violations 
of the associative law. If there are none the computer then applies the 
associative equation to the initial values and then to generated values 
until the generation procedure ceases. At this point the number of blanks 
remaining in the multiplication table determines to which further gener- 
ation subroutine the computer switches. Once the multiplication table 
is completed we are finished with the first part of the algorithm. : 

The second part of the algorithm consists of the main associativity 
test. We check the entire multiplication table since the generation 
procedure does not necessarily use every associativity condition. In 
this associativity test as well as in previous ones we make use of the 
"LOGICAL IF" statement and self-subscripting capabilities of the Fortran 


language. 
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Example. IF (1(KK,1(LL,MM) ).NE.I(CI(KK,LL) ,MM)) GO TO 100 
Once a multiplication table passes the second part it is given a number 
and recognized as the representation of a semigroup. 

In the third part of the algorithm we take these multiplication 
tables and determine those which are not isomorphic to any of the others. 
This select group then represents a collection of semigroups which are 
distinct up to isomorphism. 

As we mentioned before, additional subroutines were added to produce 
all groups as well as semigroups of the specified finite orders. These 
subroutines follow the third part of the algorithm. 

We include the programs used and the output obtained in the latter 


part of this paper. 


TABLE I 
ORDER 1 2 3 4 


Number of 
semigroups 1 ) 24 188 
distinct up to 
isomorphism 


Number of 
commutative il 3 12 58 
semigroups 


Number of 
non-commutative 0 0 0 6 
isomorphic 
anti-i1somorphic 
semigroups 


Number of 
groups 1 } 1 Zz 
distinct up to 
isomorphism 
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